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§1. Introduction 

In the present article we consider Weierstrass representations of spheres in R 3 . 
An existence of a global Weierstrass representation for any compact oriented surface 
of genus g > 1 has been established in and this proof, in fact, works 

for spheres also. Being mostly interested in relations of these representations to 
the spectral theory and in possibilities to apply the spectral theory to differential 
geometry ( [|l7| [l^] ) , we preferred to consider the case of spheres separately because 
in this case the spectral theory of Dirac operators 



v -d J \ U / 
is more developed. 

In §2 we consider two different representations of spheres: as a plane completed 
by adding a point at infinity (a plane representation) and as a cylinder completed 
by adding a couple of "infinities" (a cylindric representation). For both of them 
we describe the data of Weierstrass representations which are the potential of a 
representation and a "wave function" ip satisfying the equation 

ViP = (2) 

and some analytic conditions. These data of spectral theory origin are in one-to-one 
correspondence with immersed spheres in R 3 (Theorems 1-4). This gives a straight- 
forward procedure for constructing immersions in terms of zero-eigenfunctions of 
Dirac operators on a plane and on an infinite two-dimensional cylinder. 

In §3 we consider spheres with one-dimensional potentials which means that in 
some cylindric representation the potential U of T> depends on one variable. We 
prove that a sphere of revolution is uniquely reconstructed from the potential only 
(Theorem 5), describe all spheres with one-dimensional potentials in terms of the 
Jost functions (Theorem 6), and prove that 

W(S) > 4tt (dim H Ker Vf (3) 

where W is the Willmore functional and I? is a Dirac operator acting on a spinor 
bundle over a sphere £ (Theorem 7). We conjecture that this estimate is valid for 
all spheres. 

In §4 we consider a special class of spheres with one-dimensional potentials - 
spheres with soliton (or reflectionless) potentials. This integrable case gives many 
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interesting examples, and, in particular, for each N an equality in (Q) is achieved 
exactly at some special soliton spheres, the Dirac spheres 

In Appendix A we give a criterion distinguishing immersions, of universal cov- 
erings of compact surfaces of higher genera, converted into immersions of compact 
surfaces. 

Since in §3 and §4 we extensively use methods of the inverse scattering problem 
for one-dimensional Dirac operators on a line and this subject is not well familiar for 
geometers, Appendix B contains a brief exposition of this problem and especially 
some facts which we need. 

We dedicate the present article to our teacher, S. P. Novikov, on his 60th birth- 
day. 

§2. The Weierstrass representation of spheres 
2.1. The local Weierstrass representation. 

First, recall the local Weierstrass representation. It is based on the following 
two facts: 

Lemma A. (Eisenhart (Q, see also comments in [^9))) Let W be a simply 
connected domain in C, zq £ W, and let a vector function ip — V^) ■ W — ► C 2 
satisfy (^) where D is of the form ([][) and its potential U(z, z) is real-valued. Then 
the following formulas 

X\z, z)= % - f ((^ 2 2 + tf)dz' - + i>\)dz') , 

X 2 (z, z) = \ f ((4> 2 - tf)dz' - {^l - rt)dz') , (4) 
A 3 (z,z)= f (ifrfodz' + ^ 2 dz') 

J Zq 

define an immersion of W into R 3 with the induced metric D(z, z) 2 dzdz of the 
form 

D(z,z) = \Mz,z)\ 2 + \Mz,z)\ 2 
and the Gauss curvature and the mean curvature are 

K ( z ,z) = - — 4 dd log D(z,z) and H(z,z) = 2 ^ Z,Z } 
Uyz, z) U(z, z) 

Lemma B. (|l7|) Let W be a domain in C and let X : W — > R 3 be a conformal 
immersion of W into R 3 : z — > X(z,z) — (X 1 (z,z),X 2 (z,z),X 3 (z,z)). Assume 
that dX 3 /dz ^ near zo £ W. Then near zq the functions 

i>i{z,z) = y/-d*(z,z), Mz,z) = \/d®(z,z), (5) 

with 

<f>(z, z) = X 2 {z, z) + iX 1 (z, z), 

satisfy (^) with U(z,z) = H(z, z)D(z, z)/2, where H is the mean curvature and 
D 2 dzdz is the metric of the surface X(W) C R 3 . 

A globalization of this representation requires introducing spinor bundles, gen- 
erated by i/j, over closed oriented surfaces and considering the operator (111) as acting 
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on them. This had been shown in JTtJ and an existence of a global Weierstrass rep- 
resentation has been proved for any C 3 -regular compact oriented surface of genus 
g > 1 (see Theorem 2 in |2^|). The proof of it consists of continuing the sections (|j) 
over the whole spinor bundle and uses the following lemma whose proof is contained 
in the proof of Theorem 2 from |^0| : 

Lemma 1 Let z € W be a nondegenerate critical point of the junction X 3 defined 
on a domain ffcC conformally immersed into R 3 . Then near zq the branches of 
(j^) are correctly defined as one-valued functions and do not ramify at zq. 



It is clear that if 



•02 



satisfies 



then 



: W 



1^2 



also satisfies 
function 



Hence for any A, p 6 C, such that |A| 5 



satisfies 



*a, m = X<*b + pip = A 
Consider all immersions 



V>1 

1p2 



4>2 

-4>x 



(0) 

f \p\ 2 7^ 0, the vector 



Xx.j, :W^R 3 
given via (^) by ^a.^i and normalize them by the condition 

where a point Zq is fixed. Denote dXf /dz by N 3 . It is shown by straightforward 
computations that 



dX 



_ (X 2 + X 2 + p 2 +p 2 ) 



dz 

dX 



■ N 1 



t(-X 2 + X 2 + p 2 -p 2 ) 



N 2 + i(Xp-Xp)-N 3 , 



z{\ 2 -\ 2 +p 2 -p 2 ) Nli (X 2 + X 2 -p 2 -p 2 ) 



dz 



N 2 + (Xp+Xp)-N 3 , (7) 



2 2 
i(pX - A/2) • N 1 + (-Xp - pX) ■ N 2 + (AA - pp.) ■ N 3 . 



From (g) we derive 

Lemma 2 1) The transformation ^1,0 - * ^r.o> with r 6 R, generates the homo- 
thety 

(X\X 2 ,X 3 ) -» (r 2 X 1 ,r 2 X 2 ,r 2 X 3 ) 

of the immersed surface ; 

2) For \X\ 2 + \p\ 2 = 1 the formulas (Qj define the isomorphism 

p : {|A| 2 + \p\ 2 = 1, X,p e C}/{±1} - 50(3) 

and t/ie immersion X\ jfi is a transformation of Xi q by the rotation p(X,p). 
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For instance, 

1 

p(cos ip, sin ip) = I cos2<p sin2<^ 

— sin 2(f cos <f 

cos 29 sin 20 
p(e w ,0) = | -sin 26> cos 2(9 
1 

cos 2r sin 2r 
p(cos t, i sin t) = ( 10 

- sin 2r cos 2t 

2.2. A plane representation. 

For constructing a global Weierstrass representation of a two-sphere immersed 
into R 3 we may consider a sphere as a plane completed by a point at infinity or as 
an infinite cylinder completed by two infinities. We analyze both possibilities and 
start with a plane representation. 

Let E be a 2-sphere immersed into R 3 . 

Fix a pair of points ooj- on E and define a pair of charts with conformal param- 
eters z, on C ~ E \ oo + , and 

1 

u = --, 

z 

on C w E \ oo_, such that z(oo_) = and u(oo + ) = 0. We have 

, dz d 2 d 
du = —, — = z — . 

z z ou oz 

Introduce also the following functions 

$1 (U,U) = y/^dJJPTiX 1 ), i>2 (U, U) = y/d^TlX 1 ). 

Now we arrive at the definition 

Definition 1 A sphere E, immersed into R 3 , possesses a global (plane) Weier- 
strass representation if there exist real potentials U(z,z) and U(u,u) and the vector 
functions ift(z,z) and ip(u,u) defined on a covering of E by a pair of charts with 
parameters z and u — z^ 1 such that 

1) 

U{u,u) = \z\ 2 -U(z,z), 

■01 (w, u) = z ■ ip\{z, z), (8) 
tp 2 (u,u) = z-ip 2 {z,z) 

for z = -l/«eC; 

2) the vector functions ip and ij> satisfy (Qj for the Dirac operators with corre- 
sponding potentials U and U and for a suitable choice of coordinates in R 3 define 
by ^) an immersion of E . 

Consider the analytic conditions met by the Dirac operator and the spinor 
sections ip (@) corresponding to an immersion of a two-sphere into R 3 . 
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First, notice that D(u,u) 2 du du = D(z,z) 2 \z\ A dudu near 00+ which implies 
that 

D(z, z) — 7— pr + O ( T—pr I , with C — const ^ 0. 

\A VM 3 / 

and 



U(z, z) = ^ + O (-^ ) with U+ = const (!)) 



as z — > 00. Therefore we conclude 

|^(z,z)| 2 = |^(z,z)| 2 + \M^z)\ 2 = O LL^j . (10) 

In fact, taking into account that the point oo + S S is regular the last equality is 
refined as follows 

\^(z,z\ 2 = ^+o(J^J, with C + + 0, as ^ -> 00. (11) 

Assume that £ is C 3 -regularly immersed into R 3 . By using the general po- 
sition argument, we choose coordinates in R 3 such that all critical points of the 
function X 3 defined on £ are nondcgcncratc. Take a point oo + 6 £ and introduce 
a conformal parameter z on C w £ \ 00+. By Lemma 1, the branches of @ do 
not ramify anywhere and are correctly defined on C. Now from Lemma B and 
preceding conversations imply 

Theorem 1 Every C 3 -regular two-sphere £ immersed into R 3 possesses a global 
("plane") Weierstrass representation and the functions U{z,z) and ip(z, z) defined 
on £ \ oo + satisfy (^) and (fil^. 

In fact, the conditions (0), (||), and ( [Tl| ) distinguish the data of Weierstrass 
representations of spheres. 

Theorem 2 Let U(z,z) be a continuous function and satisfy (j^) and let ip be a 
solution to ^) such that (|V>i| 2 + |V>2| 2 ) vanishes nowhere on C and ^Ll\ ) holds. 
Then ip defines via (Qj an immersion of C completed to a C 2 -regular immersion of 
S 2 into R 3 . Moreover U and ip and the functions U and ip constructed from them 
by (j^J form the data of a plane Weierstrass representation of the immersed sphere. 

Proof of Theorem 2. 

By the definition of the local Weierstrass representation, ip defines up to trans- 
lations an immersion of X : C — > R 3 . Normalize this immersion by X(i) = S R 3 . 

Construct the functions U and ip from U and ip by (||) and notice that they 
satisfy the following equation 



d u \ ( u 
-d n J + I U 



ipx 

'(i'2 



0. 



It follows from (§) and (|) that t> is a real- valued continuous function on the whole 
complex plane parameterized by u € C. Hence ip also defines up to translations an 
immersion of X : C — > R 3 . Normalize this immersion by X(i) — £ R 3 . 
Since it = z , we have 

_ _ — 2 - 2 

(^ + ip\)dz - (ipi + ip 2 2 )dz = $ 2 + ip 2 )du - + v; 2 )ds, 
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_ _ -2 ~ -2 

(■02 - i>l)dz - (ipl - ipl)dz = (^ 2 - ^)du - - V^du, 
%l>\ip2dz + ip\ipidz = ip\ip 2 du + ip\ipidu 
on C* = C \ {0}. These formulas imply that 

X(z)=X (--^ forzeC*. 

Hence, X and X coincide on C* and each of them is regularly continued onto the 
corresponding "infinity point" , on u — and z — 0. By (pT|), X is regular at u = 0. 
This proves the theorem. 

A nice feature of this theorem is that the closedness problem consisting in dis- 
tinguishing immersions of planes which are converted into immersions of compact 
surfaces reduces for spheres to the conditions (||) and ([ll]) which can be easily 
checked. For surfaces of higher genera this problem is more complicated (see Ap- 
pendix A). 

If we have a solution ip to (||) such that \ip\ decays slower than as z — ► oo 
then nevertheless we may construct by using (|4|) an immersion of a sphere into R 3 
but it would not be regular and would have a peak singularity at the "infinity" . If 
l^l decays faster than l^l^ 1 than we would have a branch point at "infinity". This 
also occurs when \ip(z, z)\ = at z S C. 

Let now admit branch points and consider more general situation. 

Denote by £ a C 2 -bundle 

C 2 -> £ -> S 2 

whose sections ip satisfy (||). This is a spinor bundle obtained as a square root of 
the complexified tangent bundle. 

Theorem 3 Let U satisfy ^) and Then 

1) T> acts on sections of £ ; 

2) solutions to ^) satisfying fcl(\ ) are in one-to-one correspondence with zero- 
eigenf unctions ofV; 

2) the kernel ofT> is finite- dimensional and moreover it is even-dimensional. 

The first and second statements are evident. Since D is elliptic its kernel is 
finite-dimensional. We know that there exists an automorphism *, of the kernel, 
given by Since (ip*)* — —ip, the kernel splits into two-dimensional subspaces 
invariant under * and therefore dime Ker T> = 2n with n integer []. Each section 
ip G Ker T> generates via (|j) an immersed sphere which may have branch points. 

2.3. A cylindric representation. 

Starting with a plane representation we also introduce a cylindric representation, 
i.e., a representation of an immersed sphere as an immersed cylinder completed by 
two points. 

Put z' = logz = x' + iy' and take a cylinder Z — C/iZ with a conformal 
parameter z' given modulo 2ni. 

Let (U, ip) be the data of a plane representation. We have 

A' X A 9 9 
dz = -dz, — = z—. 

z oz' oz 



J F. Pedit and U. Pinkall proposed to treat £ as a quaternion vector bundle and to treat Ker£> 
as a vector space over quaternions identifying * with a multiplication by j € H ( [hcj ) . In this case 
dimjj Ker T> = n. 
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Consider the following functions 

D(z,z') = \z\D(z,z), U(z,z') = \z\U(z,z) (12) 

and 

i>i{z',z') = \fzil)i(z, z), $2(z',z') = VMip2(z,z). (13) 
By straightforward computations it is obtained that 

Lemma 3 1) The functions ip satisfy the equation 



d z , \ ( U 
-d- z , ) + I U 



V>2 



= 0. (14) 



2) There are the asymptotics 



lJ =^ + ° (^) ■ I&l 3 + \U = % + (-^) , (15) 

with U± and C± constants such that C± ^ as x — > ±oo. 

Now it is clear how to derive from Theorems 1 and 2 the following result 



Theorem 4 1) Any vector function ip satisfying and frig ) defines via an 
immersion of Z into R 3 , which is completed to a regular immersion of a two-sphere. 

2) For any two-sphere £ which is C 3 -immersed into R 3 and any pair of distinct 
points oo± £ £ there exists an immersion of a cylinder Z = £ \ {oo±} such that 

a) this immersion is defined, for a suitable choice of coordinates in R 3 , via (Qj 
by functions ?p and U satisfying ( |J^ ) and ftldj); 

b) by adding a point to each end of the cylinder this immersion is completed to 
a regular immersion o/£. 

It follows from Theorem 1 and Theorem 4 that 

Corollary 1 Every C 3 -regular two-sphere £ immersed into R 3 possesses a cylin- 
dric Weierstrass representation. 

We mention above that ij)(z,z) are sections of E. The formulas (|l2|) and ( fl3l) 
show that vector functions ip on Z meeting the conditions ([TH]) and 

$(x',y' + 2tt) =-ij,(x',y') (16) 

are sections of £ and these formulas just establish an equivalence between two dif- 
ferent representations of £. Moreover, these formulas also establish the equivalence 
between Dirac operators and, therefore, we have 

Corollary 2 Solutions $ to ( fEj| j satisfying HQ ) and 

\tP\ 2 = °(-^t) as x'^±oc 



form the kernel ofT>. The dimension of KerT> is finite and even. 

We also mention that each section from this kernel generates via (|j) an immersed 
sphere which may have branch points. 
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§3. Spheres with one-dimensional potentials 



3.1. The spectral data for one-dimensional potentials. 

In this chapter we consider spheres admitting cylinder representations with one- 
dimensional real- valued potentials U(x). This means that being defined on an 
infinite cylinder Z = {(x,y) : — oo < x < oo,0 < y < 2tt} the potential U{z) 
depends on x only. We assume that U{x) decays exponentially: 



U(x) 

For U = solutions to (0) 



O 



1 



,\x\ 





exp(ifcz) 



as x — > ±oo. 
are linear combinations of 
and 



exp(ilz) 




with z = x + iy and £ C. Of course, such functions are defined on Z if and 
only if k, I S 2ttZ. Hence we look for solutions to (0) of the form 



ip(x, y) = exp(ky)cp(x, y), ip(x, y + 2n) = tp(x, y), 



(17) 



i.e., we consider solutions which are defined on the universal covering R 2 of Z and 
satisfy the periodicity condition 

■4>(x,y + 2tt) = fii/)(x,y) 

with \i a constant. For this ansatz the equation (^) reduces to 



0_ d 
-d 



U 
U 



ik 
ik 



v? = o. 



(18) 



and, decomposing its solutions into Fourier series in y 



we conclude that each (p m (x) satisfies ( |18| ) with k + im substituted for k. Hence 
for studying all solutions to (H) of the form (0) it is enough to study solutions to 










> 




' 


ik V 


d x 




'( 2 o 


2U j 


-{ 


, ik 


o J. 



(19) 



depending on x only. 

This problem has been studied in its relation to soliton equations (see, for 
instance, pi |(], |l^ : |2^]) and we give the brief summary of results which we need in 
the sequel q 

Since U(x) decays exponentially as |x| — > oo, we have 
Summary. 

The potential U(x) of an operator 



L 







0, 




2U 
2U 



J A detailed exposition is given in Appendix B. 
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is uniquely reconstructed from the spectral data which are 

i) the reflection coefficient R(k) = b(k)/a(k), with k 6 R\ {0}, 

ii) the poles Ki, . . . , kn of the transmission coefficient T(k) with fmk > 0, 
Hi) some additional quantities Ai, . . . , \n € C, attached to kj. 
A reconstruction procedure is given by the Marchenko equations ( j5^ ) and 
The poles ofT(k) are simple and correspond to exponentially decaying solutions 

to (|Ts|j. For each pole Kj every such solution is a multiple of (p±(x, Kj) which is a 
unique solution to the equation 

( \ f + °° ( _ e -iK,(x-x') \ 

= ( e i KjX J + J ( ^.(W) o J ■ 2C/ ( X ')'^(^)^'- 

Since U(x) is real-valued, 

a) Kj are symmetric with respect to the imaginagy axis, if Kj and ki = —KJ are 
different poles ofT(k) then Xj — A;, and if ReK m = then A m G R ; 

b) R(k) = R{-k). 

We recall the definition of the Kruskal integrals: 

/+oo 
U(x)q n (x)dx, 
-oo 

where 

qi(x) = U(x) 

and the other quantities qj (x) are defined by the recursion relation 
qj+i{x) = -i ^S^l - W{x) ^2 q m {x)qj- m {x). 

m— 1 

The first of them is obviously the squared L2-norm of U(x): 

r+oo 

h{U) = / U 2 (x)dx. 



These quantities are related to the spectral data via the trace formulas (see 
the formulas (7.20) and (7.21) in chapter 1 of Part 1 1): 



1 /-t-OO :ryn 1-2 J< 

I n{U)=~j- / log(l-\b(k)\ 2 )(~2k) n - 1 dk + — — -4) (20) 

47r J-oo n j = 1 

where b(k) is the ratio of R(k) and T(k) and satisfies the inequality 

< |6(fc)| < 1. 

For n = 1 we have 

/+oo 1 /> + oo N 

U 2 (x)dx = -— log(l- \b{k)\ 2 )dk + ^2lniKj (21) 

-oo J —oo j — 1 



3 In |g{ these formulas are written in terms of k, ip(x), and A which, in our notation, are (—4), 
-iU(x), and —2k, respectively. 
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and we conclude that 

p + oo N 

/ U 2 {x)dx > ^Im/tj (22) 

J-co i=1 

and an equality in (0) is achieved exactly at reflect ionless potentials, i.e., b(k) = 
which is equivalent to R(k) = 0. 

3.2. Construction of spheres with one-dimensional potentials. A re- 
construction of a sphere of revolution from its potential. 

By Corollary 1, every sphere £ regularly immersed into R 3 possesses a cylindric 
Weierstrass representation. In this subchapter we describe spheres which admits 
cylindric representations with potentials depending on x only. The simplest and 
most important examples are spheres of revolution (Jl8|). 

Let U(x) be a potential of an immersed sphere S. By Lemma 4, it decays expo- 
nentially and we may apply the spectral theory of L exposed in 3.1 and Appendix 
B. In particular, all exponentially decaying solutions to ( |l8| ) are linear combinations 
of <fii(x, Kj) and their *-transforms (||). 

It is known that for any sphere of revolution £ there exists a cylindric repre- 
sentation such that its potential is one-dimensional and S is immersed into R 3 via 
([!]) where ip has the form 

■4>(x, y) = tp(x)e ly/2 

(see [fT8|). Let U(x) be the potential of this representation of S. Then we have 
^PxA^y) = A(V(x, ? /2)e^ 2 ) + M (V(x, ? /2)e^ 2 )* 

where A, \x € C. By Lemma 2, for different A and /i such immersions are transformed 
one into another by homotheties of spheres and their rigid motions in R 3 . Since 
the potentials of different Weierstrass representations are reconstructed one from 
another by the formulas (||) and (|l2|), we conclude 

Theorem 5 Any sphere of revolution without branch points is uniquely defined (up 
to homotheties of the sphere and rigid motions in R 3 J by the potential of any of its 
Weierstrass representations. 

The condition on absence of branch points is added just for the following reason. 
Notice that we may consider the linear combination 

^A,m,«(S) V) = A (<pt{x, K)e Ky ) + n (ipfix, K)e Ky )* 

with k = in/2 and n > 1. Then the sphere constructed from V'a.^.k via (^) would be 
an n-sheeted covering of a sphere of revolution with branch points at the infinities. 

For general spheres with one-dimensional potentials the statement of Theorem 
5 does not valid. 

Let /ci, . . . , km be the poles, of the transmission coefficient T(fc), coming into 
the spectral data of U(x) and divide them into three groups 

Kj = with rij an odd positive integer for 1 < j < L 1 

ZTi ' 

Kj = — - with nj an even positive integer for L + 1 < j < M, 
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and Kj is not of the form in/2 with n integer for j > M + 1. Put 

^j{x,y) = ifi{x,K, )e K]V . 

It is clear that for j > M + 1 the functions f/'j and ip* are no periodic and no 
antiperiodic in y. Therefore squares of linear combinations of such functions are 
not defined on Z and do not generate via (Q) immersions of cylinders. 

By Corollary 2, since ipj and -0* satisfy ( |l6|) for j < L, they are sections of E 
and we conclude 

Lemma 4 KerT> is spanned by ipj(x,y) and ip*(x,y) where j < L. 

Any linear combination ip{x,y) of tpj and ?/>* for L + 1 < _/ < M also generate 
via (|j) an immersion of a sphere. It is easy to see that if for all ipj and ip^ coming 
into this combination the frequencies nj are represented in the form 

nj = 2% 

with lj odd integers then the immersion would be a 2 fc -sheeted covering over its 
image with branch points of order 2 k at infinities. The potential of the represen- 
tation of a covered sphere given by the function tp'(x, y) = ip(x/2 k , y/2 k ) would be 
U'(x) = U(x/2 k ). Otherwise the immersion would have branch points of odd order 
at the infinities. 

Since by the definition, a vector function i\) coming into a cylindric representa- 
tion belongs to KerD, we summarize these conversations as follows 

Theorem 6 Let a = (a\, . . . , g,2_l) € C 2L \ {0}. Then the function 

^ a (x,y) = ax^x(x,y) + . . . + a L i/j L (x,y) + a L +iipl (x, y) + . . ■ + a 2 Mi/j* L (x,y) (23) 

defines via (Qj an immersed sphere S a in R 3 . 

// there exist non-zero coefficients a,j and such that (j — k) ^ ±L then S a is 
not a sphere of revolution. 

These spheres are exactly the spheres which have U[x) as a potential of some of 
their cylindric Weierstrass representations. 

3.3. The Willmore functional via the trace formula and the Willmore 
numbers. 

Consider the following problem 

Problem 1 How to estimate the dimension of KerT) ? 

For a Dirac operator with a one-dimensional potentials (in some cylindric rep- 
resentation of a sphere) the trace formula (|2l]) enables us to give a precise estimate. 

Indeed, by Lemma 4, KerP is spanned by ip^(x)e Kjy and (ip^ (x)e KjV )* with Kj 
of the form 

«, = ^» ,24) 
with nj nonnegative integers. By (|l]) and (p2|), we have 

/+oo ^ L 

U 2 (x)dx> -J2( 2n j + 1 ) ( 25 ) 

3=1 

and an equality in (|2^) is achieved exactly in the case then U{x) is a reflectionless 
potential and the whole discrete spectrum with Im k > consists of eigenvalues of 
the form (p^). We conclude 
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Theorem 7 Let T> be a Dirac operator (j^) on £ with a one- dimensional potential 
U (x) in some cylindric representation (for instance, a Dirac operator generating 
an immersion of a sphere of revolution) . If 

dime KerT> 

^ = dimH KerV > N, 

then 

r+oo N 2 

U 2 {x)dx> . (26) 

> 2 

Indeed, any level k = i(2n + l)/2 may be filled just by one cigenfunction of the 
form ip^Jx, Kj)e KjV (see Appendix B) and, given N — dimnKerl?, the left-hand 
side in (|2q ) achieves its minimal possible value if just first N levels are filled. This 
means that 

1^1 N 2 
-£(2n J - + l) = -(l+3 + ... + (2iV-l)) = — . 

This proves the theorem. 

An example of the Dirac spheres, constructed by U. Pinkall and J. Richter (|H), 
shows that for each N an equality in (^6|) is achieved at the potential of such sphere 
and therefore 



Corollary 3 For any N the estimate ^jby is precise and an equality is achieved at 

N 



U N (x) 



2 cosh x 



We discuss the spectral data of such potentials in §4. 

To rewrite ( p6| ) for general spheres it needs to integrate the left-hand side over y 
also and obtain an integral over S 2 (by (||) and ([l2]) this integral is correctly defined 
for any representation): 

U 2 ( Zl z)dxAdy>nN 2 . (27) 



s 



We would like to conjecture that 
Conjecture 1 The estimate n2ty holds for any Dirac operator on £ . 



In fact, by Theorem 4, the dimension of Kerl? measures the dimension of a 
family of isopotential spheres in R 3 . If there exists ip € Ker T> such that ip vanishes 
nowhere then it generates an immersion of a sphere without branch points. It is also 
known that for any compact surface S immersed via (||) the value of the Willmore 
functional W, an integral of a squared mean curvature, is given by 

W(E) = J H 2 dfi = 4 J U 2 {z,z)dxAdy (28) 

(see [0), i.e., a multiple of the squared L2-norm of the potential U. We have 



JjH 2 -K)dn = | s (^i) 2 ^>0 
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where kj are the principal curvatures and K is the Gauss curvature of E. By the 
Gauss-Bonnet theorem, for spheres 



Kdfi = 4n 



E 



and this implies 



Therefore we conclude that 



H 2 d\i > Air. 



s 



U (z, z) dx A dy > tt. 
But this is just the inequality (6^) for iV = 1 and an equality is achieved at Ui(x) 



which is the potential of the unit sphere (|18 ). Recalling the recent result of F. 
Pedit and U. Pinkall obtained by methods of the so-called quaternionic algebraic 
geometry (|L5||), we conclude 

Proposition 1 Assume that there exists a zero- eigenf unction ipofD such that ip 
defines via m) a regular immersion of S 2 into R 3 . Then Conjecture 1 is valid 

1) for N = 1 (Gauss-Bonnet); 

2) for N = 2 (Pedit-Pinkall). 

For such operators the estimate (|27|) in terms of W takes the form 

W(E) > AttN 2 . (29) 

We show in §4 the dimension of Ker T> can not be estimated from below in terms 
of the Willmore functional. 

This treatment of (^) fits into a general approach to estimates for the Willmore 
functional based on the Weierstrass representation (see j2(J where the spectral 
approach for the Willmore conjecture for tori is introduced). The right-hand sides 
of (p9|), the Willmore numbers, measure not only the existence of a sphere with 
given value of the Willmore functional but the dimension of a family of isopotential 
spheres. It looks natural that for given dimension of Ker I? the Willmore functional 
has to attain its minimal possible value on a very symmetric operator which has 
to have a one-dimensional potential, i.e., to be of the form covered by Theorem 7. 
The analogous idea is discussed in |2(| for the Willmore conjecture for tori. 

§4. Soliton spheres 

4.1. Solving the Marchenko equations for refiectionless potentials. 

We call a sphere refiectionless if it admits a Weierstrass representation with 
a one-dimensional refiectionless potential U{x). This means that the reflection 
coefficient R(k) of U(x) vanishes identically, i.e., R(k) = 0, and the spectral data 
of U{x) are just 

1) a half, of a discrete spectrum of L with U(x) its potential, lying in the upper- 
half plane: Ki, ■ ■ ■ , km] this spectrum is symmetric with respect to the imaginary 
axis; 

2) some quantities Xj corresponding to Kj such that if Re Kj = then Xj G R 
and if k^ and k; = — do not coincide then = A;. 
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The potential U{x) is reconstructed from the spectral data via the Marchenko 
equations (see Appendix B). For reflectionless potentials solutions to these equa- 



tions can be found explicitly. We explain this procedure following |12 



Given the spectral data for a reflectionless potential, consider the following 
ansatz: 

B J {x,y) = {B J {x)\T{y)) 

where 

T{z) = (e iKlZ ,...,e iKNZ ) 

and 

(u\v) = uxvi + . . . + unVn 
is a standard inner product. Then Q takes the form 

n(x + y) = (*(x)\T(y)) 

where 

tf(js) = (-\ 1 e iKlZ ,...,-X N e iKNZ ). 
In terms of these functions the Marchenko equations (|5^) are written as 

r+oo 

(B 2 (x)\T(y)) + / (i^)!^')) TO) dx' = 

J X 

and 

r+oo 

mx)\T(y)) - {Bi(x)\T(y)) + / (B 2 (x)\T(x'))(*(x')\T(y)) dx' = 0. 

J X 

Introduce the matrix 

r+oo 

M(x) = / \T{x')){^(x')\dx' 

J X 

(here we use Dirac's notation treating the inner product as a product of a bra vector 
(u\ and a ket vector \v), Q), rewrite the Marchenko equations as 

(B 2 (x) + Bi(x)M(x)\T(y)) = (*(a;) - B x (x) + B 2 {x)M{x)\T{y)) = 

and finally arrive at the following form of them 

B 2 (x) + Bi(x)M(x) = ®(x) - Bi(x) + B 2 (x)M(x) = 0. (30) 

The entries of M(x) are simply computed 

M jk (x) = / T 3 {x')^ k {x') dx' = k A^+ Kk )* 

Jx l \ K j + K k) 

and ( |30| ) implies that 

B^x) = V(x) ■ {l + M^x))- 1 

and 

B 2 {x) = -B x {x) ■ M(x). 
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By (|55|), we derive 

U(x) = -(*(a;) • (1 + M 2 ^))- 1 !^)). 
Now represent Bi(x,x) and B2(x, x) as follows 

"dM(a;; 



Bi(x, x) = — Tr 



(1 + M"(x))- 



S 2 (x, x) = Tr 



rfM(x) 
dx 



• M(x) • (l + M 2 ^) -1 



It follows from (B5J) and (El) that 



2f/ 2 (x) +i 



dC/"(af) 



dx dx 



= ^Tr 



^^(Af(.T)+*)(l + Af 2 ( a ;))- 1 
dx 



and, since 1 + M 2 (x) = (1 + iM (x))(l — iAf(x)), we have 



2?7 2 (x) + i 



dU{x) 



dx dx 
Using the well-known identity 



-Tr 



d(l + iM(x)) 



dx 



{1 + iMix))- 1 



— logdet A(x) = Tr 
dx 



dA(x) 
dx 



A-\x)\ , 



we obtain 



2U 2 {x) + i 



dU{x) 



logdet(l + iM(x)). 



dx dx 2 

Since U(x) is real- valued and fast decaying, we have 

. . d T , , .„ d Im det(l + iM(x)) 

U(x) = — Im logdetfl +»M(i) = — arctan- — — —7 (( . 

w etc v y " dx Re det(l + iM(x)) 

For reflectionless potentials ipf(x,k) is simply written. Put 

"+00 



W{x,k) -- 
and, by (fl7|), obtain 

<pt{x,k) = 



T{x'y kx ' dx' 



K\ + k 



a i(K 1 +k)x 



UN + 



(*(ar) • (l + Af 2 (a:))- :l |W(aj,Jb)) 
3 ifci _ . ^ + M 2 (x))- 1 M(a;)|VF(a; ! fc)) 



(31) 



4.2. Construction and properties of reflectionless spheres. 

We consider some explicit examples of reflectionless spheres which are spheres 
with iV-soliton potentials. 
4.2.1. N = 1, m = |. 
In this case 

M(x) = -\e~ x 
where A = Ai G R \ {0} and we obtain 



U{x,\) 



l + \2 e -2x- 
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Since for an immersed surface U(x) is denned up to a sign, we assume that A 
e~ a > and derive U(x, A) = U\{x + a) with 

Ux{x) ' 



2 cosh : 



This is the potential of a round sphere and it is easily checked that ipf(x,i/2)e ly / 2 
defines it via (Eh. 

4.2.2. N = 2, m = §, k 2 = f . 

A general potential corresponding to this data is 

U(x, Ai,A 2 j- 



144 + 144A 2 e - 2a; + 72AiA 2 e- 4a; + 16A 2 e- 6a; + A? A 2 e 
which for Ai = 2, A2 = 6 takes the form 

1 



U 2 {x) 



cosh: 



4.2.3. The potentials of the Dirac spheres. 

U. Pinkall and J. Richter had constructed the Dirac spheres without using the 
the representation theory (Jl(|). We mentioned above that for these spheres the 
estimate ( p7|) is precise. Their potentials are 

N 

U N (x) 



2 cosh x 



We show above how U 2 (x) is obtained via the inverse scattering method and it is 
clear from the trace formula (pl|) and Theorem 7 that 

Proposition 2 The discrete spectrum ofUpf(x) consists o/± q 1 ^ with j < N. 

For giving a complete their description of these potentials it needs to find the 
coefficients Ai, . . . , Ajv- But let us recall that there exists an infinite family of soliton 
equations, the modified Korteweg-de Vries hierarchy of nonlinear equations, such 
that 

1) the TO-th mKdV equation has the form 

d = a 2 "'- 1 

dt m ~ dx 2 ™- 1 + " ' : 
preserves the spectrum of L, and transforms R(k) and Xj as follows 

Xj -» Xj ■ exp(i2 2m ~ 1 K i t m ), R(k) -» i?(fc) • exp(i2 2m - 1 fci m ); 

2) all flows generated by these equation pairwise commute. 

Stationary solutions to linear combinations of these flows satisfy to the Novikov 
equations (fll4|): 

These facts are exposed in [§ [| [X2J, It follows fr om these formulas that re- 
flectionless potentials are exactly fast decaying solutions to the Novikov equations 
(for the mKdV hierarchy) and, given k±, . . . , kat, the mKdV-orbit of a reflectionless 
potential consists of solutions to these equations with given 01, . . . , a m . 
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Proposition 3 Every reflectionless potential with Kj — ^ 2 , where 1 < j < N, 
is obtained from Un(x) by the mKdV- deformations. 

4.2.4. The Dirac spheres as rational spheres. 

A nice property of the Dirac spheres is that they are described in terms of 
rational functions. Indeed, return back to a plane representation of spheres. It 
means that we represent S 2 as a complex plane C completed by a point at infinity. 
A conformal parameter Z on C is related with x and y, coming in (§|) and ©, as 
Z = e x+ly and, by (|l3|), a spinor field ^(Z, Z) defining via ^ a plane representation 
of a sphere is 

Now it is easy to see that "J is a rational function of Z and Z. 

4.2.5. Soliton deformations of reflectionless spheres. 

Each mKdV-flow U(x,t) deforms the eigenfunctions <pf(x,k) via quite simple 
differential equations which are linear in tp£. This gives a deformation of a sphere 
defined by any linear combination (pa). These deformations are called the mKdV- 
dcformations of spheres and they are reductions (for one-dimensional potentials) 
of more general the modified Novikov-Veselov deformations introduced in as 
deformations of surfaces locally presented via (f|) . 

Here we only mention some interesting facts: 

1) If N > 2, then genetically a function of the form ( p^ j defines not a sphere of 
revolution and moreover a sphere admitting no S^^-isometries. Nevertheless, soliton 
deformations of this sphere are described by 1 + 1-dimcnsional soliton equations; 

2) The Kruskal integrals are first integrals for all mKdV-Hows and for reflec- 
tionless spheres they are presented in terms of k±, . . . , kn by the trace formulas 
©; 

3) The mKdV-deformations preserve closedness of spheres (for tori this has been 
proved in pSjj). 

Generically the values of these first integrals as well as the modified Novikov- 
Veselov deformations depend on a choice of a conformal parameter on a sphere and 
on a surface of revolution there exists a distinguished parameter (sec ]l8|). 

4.2.6. Reflectionless spheres with dimn Kcrl? = 1 and with large values 
of the Willmore functional. 

A construction of such spheres is simple: take n\ = i/2,K2 = —a + it, and 
K3 = —a + it, and fix admissible Xj. Then for each t > take a sphere of revolution 
S t given by (pf(x,i/2). By ([H]), we have 

W(St) = 4vr + 87rf. 

Therefore we conclude 

Proposition 4 For any C > there exists a regular sphere S in R 3 such that 
dimn KerD = 1, S is defined via fy) by a zero -eigenf unction ofT>, and W(S) > C . 

We do not check the regularity condition but it is easy using (|3l]). 

4.2.7. Deformations of reflectionless spheres via deformations of the 
spectrum. 

We consider a simple example which relates to the previous one (see 4.2.6) and 
do that only for demonstrating such deformations. 
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Take a reflectionless potential U(x, t whose spectral data are k\, . . . , kn+2 and 
Ai, . . . , Aat+2 with Kjv+i = —a + it, kn+2 = a + it and Ajv+i = at, Aat+2 = at with 
a, < € R. Take a linear combination (|2^), of eigenfunctions of L with eigenvalues of 
the form (2m + l)z/2. Since ipj (x, kn+i) and <pf (x, KN+2) do not come into this 
combination, then for each t this combination defines a sphere S t immersed into 
R 3 . 

Consider the limit t — ► 0. Then it is easy to see that 

i) — * U(x,0) with the spectral data n±, . . . , kjv and Ai, . . .,-V/v> an d S t tends 
to a sphere So immersed into R 3 . 

It is quite sure from the construction that the spectral data of L depends on 
U (x) continuously but we do not know are any estimates for stability of the inverse 
scattering problem for Dirac operators obtained or not. Hence we may propose the 
following treating the Dirac spheres as "constrained" Willmore only on a physical 
rigor level. 

Let S be a Dirac sphere corresponding to an iV-soliton potential and assume 
that the eigenfunctions corresponding to all levels of discrete spectrum come into 
a linear combination (^) defining S. Consider small perturbations of the sphere 
preserving the class of spheres with one-dimensional potentials. Such perturbations 
reflect in small perturbations of the potential and therewith in small perturbations 
of the discrete spectrum. These perturbations may result in appearance of new 
eigenvalues and perturbations of R(k) which transform U(x) into non-reflectionless 
potential. But the discrete spectrum Kj = (2j— l)i/2 has to be preserved because it 
is all coming in the representation of the sphere. Now it follows from (^lj) and ( p8| ) 
that all such perturbations have to increase the value of the Willmore functional. 
By the completeness argument, we conclude that also for all Dirac spheres and 
moreover for all spheres such that each eigenvalue of L takes the form (2m + l)i/2. 
Therefore we have 

soliton spheres, such that each eigenvalue of L is of the form (2m + l)i/2, are 
critical points of the Willmore functional restricted onto the class of spheres with 
one-dimensional potentials. 

§5. Final remarks 

1) In the present paper we mostly use a cylindric representation which enables us 
to apply well-developed inverse spectral theory for one-dimensional Dirac operators. 

In a plane representation we may treat the two-dimensional Zakharov-Shabat 
problem by the d method and the nonlocal Ricmann problem. In this case we 
consider the spectral data related to one level of energy E: 

2>0 = Eip, 

and in || the reconstruction problem has been solved for positive E and assum- 
ing that the L2-uorm of U is sufficiently small. The last condition is required for 
a unique solvability of the integral equations which are analogs of (p8]) . For ge- 
ometric reasons we have to consider this problem for E = and for potentials 
with sufficiently large L2-norms, ||J7||f, 2 > ir (the Gauss-Bonnet theorem, (p8|)), 
and the vanishing of E itself leads to appearance of logarithmic singularities of the 
Green-Faddeev functions coming into the kernels of these integral equations. 

In a cylindric representation we may introduce analogs of ([38]) as follows. 

Find G(z, k) satisfying 

9^1/ ik 
-BOJ 2 { ik 



G(z,k)=5(z). 
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Look for them in the form 

-ikx l 



( —e~ ikx h 1 (z) \ 

G{z,k) = ^ e ikx h2 ^ J 



where dh\(z) = dli2{z) = S(z). For that consider the Fourier decompositions of h\ 
and h 2 : 



/+oo 
■°° nez 



and keeping in mind that 



1 



2tt ,/-oo + n 

obtain 



-nx for n > 0, x > 
d\= { -e~ nx for n < 0, x < 

for n < 0, x > or n > 0, x < 



7T \ 1 — e z 1 — e/- 

h 2 {z) = - (a 2 (x) + 9(x)-^— + {6{x) - 1)- £ ' 



1 - e" 2 v v ' ' 1 - e 2 
d(jj(x) = <5(x). 

Now choosing <jj as in Appendix B we construct analogs of (^) and (|io|): 



1 Z - * /" 27r f 



e- ifcx 
s ifc* Q 

e*'-*-l 1 . in ~>\ . ,T,- | 





C/(z')-$-(/,fe)+ 



l-e 8 

-ifc<X-x')+(2-2') 



-/ dx' dy' [ , }+(E _ zl) «— -i | •[/(/)•$-(*', fc) 

and _ 

dx 1 I dy> [ | .^)- A) 



77 « ./o \ g , ,; o 

1 — e - 



fc(x-x')+(z'-z) 



The kernels of these integral equations have removable singularities at z = 0. In- 
deed, for hi the singularity is of the form 

9{x) 6{x) -11 



z z 
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i.e., a multiple of a fundamental solution to the Cauchy-Riemann equations. For 
U and <!> depending on x only, these equations after integrating by y reduce to ( |39| ) 
and ©. 

Analogs of (^Tj) for these equations are not quite good because for sufficiently 
large |Im£;| their kernels are exponentially growing. Nevertheless KerD has to 
admit a description in terms of solutions to these equations because it is just another 
representation of the spectral problem (||) for an operator acting on a spinor bundle 
over a two-dimensional sphere. 

2) The spinor field tp on an immersed surface may be obtained also as the 
restriction of a parallel spinor field on R 3 onto the surface. This recently has been 
exposed in 13] and also had been pointed out to the author by Pinkall just after 
author's talk in Amherst (November, 1995) about the paper 17 (]. 



Being geometrically invariant this treating of Lemma B does not enable us to 
extract spectral-theoretical properties of the Weierstrass representation which are 
of a global origin and to develop construction of surfaces from spectral-theoretical 
data as we do that in §3 and §4. 

But this fits into the more general consideration of Dirac operators on hypersur- 
faces in R ,l+1 with induced spin structures. Recently it has been shown by C. Bar 
(0]) that for such hypersurface M there exists at least 2[™/ 2 l distinct eigenvalues A 
of the induced operator V such that 



n 2 



* 4VbT(M) W(M) - 

3) This work has been done when the author was a guest of SFB 288 in 
Technische-Universitat in Berlin and was also supported by INTAS-RFBR (the 
Russian Foundation for Basic Researches) (grant 95-0418). 

The author thanks U. Pinkall for helpful discussions. 



Appendix A. Period problem for immersions of surfaces of genus > 2 

Recall the definition of a global Weierstrass representation of a surface E of 
genus q > 2 which is conformally equivalent to Eo =H/A with Ti. the Lobachevskii 
upper half-plane and A a lattice in PSL(2, R) ((l7[ |o|): 

Definition 2 A sphere E with g (> 1) handles, immersed into R 3 , possesses a 
global Weierstrass representation if there exist a real potential U and functions tpi 
and ip2, defined on the universal covering o/E, i.e., on Ji, such that 
1) 

U{ 1 {z)) = \cz + d\ 2 U(z) 1 

^{z)) = {cz + d)^ 1 {z), (32) 
ip2(j(z)) = (cz + d)ip 2 (z) 

for z £ TL and 7 € A, represented by the matrix 



a b 
c d 



a, b,c,d£ R, ad — be = 1; 



2) the vector function ip satisfies (Qj and for a suitable choice of coordinates in 
R 3 defines by (0) an immersion ofY*. 

4 Notice that in ]l7| spinors appear as a result of globalizing Weierstrass representations. 
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We have 

Theorem 8 Let Eo be a compact oriented surfaces of genus g > 2 and let U and 
ip satisfy and define via fy) an immersion of the universal covering of Eo into 
R 3 . Then this immersion converts into an immersion of Eo if and only if 

fiiz"Au = I iJj%dzALu= Tpiip2 dz A uj = (33) 

J S -'So 

for any holomorphic differential lu on Eo . 
A proof of the theorem. 

Take a canonical basis ai, . . . ,a gi [3\, . . . ,(3 g for Hi(Eo). This means that its 
intersection form is 

otj o f3 k = 5j k , a.j o a k = fa o f3 k = 

and there exists loops representing these cycles such that after cutting along them 
we obtain a domain M bounded by a polygon 

dM = aiPia^ 1 ^ 1 . . . a g f3 g a~ 1 . 

To this basis corresponds a unique basis of holomorphic differentials u>i , . . . , u> g 
normalized by the condition 

/ UJ j=$jk- 

Define the period matrix by 

This matrix is symmetric and its imaginary part is positive definite (0). 

It follows from (Q) and ( (32| ) that tffdz, ^)\dz, and ^xip^dz are correctly defined 
1-forms on E and 

$1 = B{iX l - X 2 ), V^2 =B{iX 1 +X 2 ), i> 1 i> 2 = dX 3 . (34) 

Introduce the following vectors of translation periods 

Vj= f {ffidz-ffidz), V g+j = f (ffidz-ffidz) 

and 



Wj = / (ipifadz + ipifadz), W g+ j = / (ij)iip2dz + ipiip2dz). 

J Ctj J Pj 

Denote by Y and Z the vectors 



Yj = dz A ujj , Yj +g = — ip\ dz A Wj 

'So -/So 



and 



Zj = / i/jii/jz dz A u>j , Zj +g = / ipiip2dzAoj 
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It is evident that an immersion of Tl is converted into an immersion of So if and 
only if V = W = 0. 

Now, by the Stokes theorem and (|34|), we have 

/ V>i dz A Uj = / (iX 1 - X 2 )wj = ( Vk f u>i - V k+a [ uj, 

J So JdM fc=1 \ Jf3 k Ju k 

[ tp 2 dz A ujj = [ (iX 1 + X 2 )uj = V (-% [ ujj + V k+g [ ujj 

JSo JdM fc=1 V Jp k Ja k 

/ ^1^2 dz A uij = / X^Uj = V ( W k / - Wfc+g / Uj ) 

J So J 9M fe=1 V J/3 fc Ja k J 



(35) 



Consider the 2g x 2^-matrix 

n 



n -l 
n -i 



Since Imf2 is positive definite, fl is nondegenerate. Rewrite ( |35| ) as follows 

nv = r, nw = z, 

and conclude that = W — if and only if 

Y = Z = 0. (36) 

Since u>j form a basis for holomorphic differentials, d36| ) is equivalent to vanishing 
integrals ([33j) for any holomorphic differential on So. 
This proves the theorem. 

Proposition 4 from j2(| which settles the period problem for tori may be refor- 
mulated as (p3). 



Appendix B. The inverse scattering problem for the one-dimensional 

Dirac operator 

Bl. The forward scattering problem. 

Consider the linear problem 



with 



1 1 4 o r 2 o S 



and k a spectral parameter. This is the simplest reduction of the Zakharov-Shabat 
linear problem corresponding to the case when both potentials are equal to U(x) 
and are real- valued. 

For each k G R \ {0} the system ([3?]) has a two-dimensional space of solutions. 
Take a matrix ^(x, k) whose columns form a basis for this space. For U = we 
take 

( e -*kx 
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For fast decaying U the matrix $ may be defined by the integral equation 

r+oo 

= $ (x,k) - / G(x-x',k)-2U(x')-$(x',k)dx' (38) 



where 

/n ^ \ / r\ <;u \ 

G(x,k) = 5(x), 



\( 


d x N 




/ ifc V 


A ~ d * 




H 


v ik y 



i.e., G(x,k) is a fundamental solution to ( |37| ) with {7 = and it may be taken in 
the form 

-e- lkx gi {x) 



G(x,k) - ^ e ikx g2 ( x j o 
with 

dx9j{x) =5(x). 

The last equality is satisfied exactly by 6*(x)+const with 9(x) the Heaviside function 



■>-{ 



f for x > 
for x < 



This freedom to choose §j enables us to define solutions to (|37]) converging to the 
free waves, given by the columns of &o(x, k), as x — > —00 or x — > +00. Indeed, for 
<7i(x) = 32(2:) = 0(a;) the system d38|) takes the form 



—ikx 



*-(*,*)=( JL 6 I" (39) 
and for gi(x) = g%{x) = 6(x) — 1 it is 

e~ jfc 



+°° / n _„-ife(x-x') \ 

{ etk (x-x' } J-2f/(x')-<i>+(.x',fc)dx'. 



The solutions to (|39| ) and (|40| ) are called the Jost functions. 

I) For each k 6 R\ {0} the equations (^) and (^) have unique solutions. 
These equations have the form 

^(ar.jfc) = $ (x,fc) + (A* o $ ± )(a;,A:) 

where operators A 1 * 1 are of the Volterra type. Solutions to them are given by the 
Neumann series 

00 

$ ± (x > k)=Y,$f(x,k), 
3=0 

with <&f(x, k) = (A^ o $^ t _ 1 )(x, k), which uniformly converge in x on each compact 
interval. 

Denote the j-th column of *& ± (x, /c) by ip^. Each of the pairs (tpi,<f>2) an d 
(ipfjtpt) f° rm s a basis for solutions to (|37|). 
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2) The functions tp^ (x, k)e~ lkx and ip^ (x, k)e lkx are analytically continued onto 
the lower-half plane Imk < and the functions ^{x, k)e lkx and <pf(x, k)e~ lkx are 
analytically continued onto the upper-half plane Imk > 0. 

Without loss of generality we explain this fact for f(x, k) = <fii(x, k)e~ lkx . This 
function satisfies the integral equation 

f(x, k) = ( \ \ - J* ( \ -e-^ ( "- x } \ 2U(x')f(x', k) dx> (41) 

For Im k < its kernel decays exponentially as x — ► oo and the Neumann series for 
this equation converge. 

3) Given vector functions 9(x) = (Oi(x),02(x)) and t(x) = (ri(x), T2(x)) sat- 
isfying |37[), the Wronskian W{9,t)(x) — 0i{x)t 2 (x) — 02(x)ti(x) is constant, i.e., 
independent of x. 

This Wronskian identity is obtained by straightforward computations and im- 
plies that 

det$ ± (a;,fc) = -1. 

4) For k £ R \ {0} the matrices $ + (x, k) and $>~(x, k) are related as 

$-(s,fr) = S(k)$ + (x,k) 
with the scattering matrix S(k) independent of x with 

detS(fc) = 1. 

Indeed, the columns of Q + (x, k) and k) form different bases for solutions 

to ( |37| ) and, therefore, are linearly dependent: 

(Pi(x,k) = sn(k)ipf(x,k) + s 12 (k)ip^(x,k), 

<p%{x,k) = s 2 i(k)(p+(x,k) + S22(k)(p$(x,k). 

Since det $ (x, k) — — 1, we have det S(k) = 1. 
Denote S22(k) by a(k) and S2i(fc) by b(k). 

Notice that, if 9{x) — (6i(x), ^2(2;)) satisfies (|37|), then the function 9{x) — 
(02(x), — 6\{x)) satisfies ( |37| ) with — k substituted for k. This implies that 

5) For fee R\{0}, 

^(ss, k) = J ■ ^{x, -k) ■ J with J = f ^ J V (42) 

Since U(x) is real- valued, it is also clear that 

^(x,k) = $±(x,-fc) forfceR\{0}. (43) 

6) Tiie scattering matrix takes the form 



s <*>=($j ) -th K fc )p + i6( fc )p=i. 

Notice th at (P ) implies = (—JS(k)J) $ + (x, —k) and Q implies 

$~(a;, — fc) = S , (fc)$ + (a;, — fc) It follows from these equalities that £(fc) = —JS(k)J 
which proves 6). The following quantities 

T(k)=^ R(k)= b -§r 
a(k) a(k) 
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are called the transmission coefficient and the reflection coefficient respectively. It 
is shown that a(k) vanishes nowhere on R\ {0}. 

7) T(k) is analytically continued onto the upper- half plane Imk > 0. 

Indeed, this follows from 2) and 



a(k) = W(tp+(x,k),tp-{x,k)) = W(e~ ltcx ip+(x,k),e ll,:x ip-(x,k)). (44) 

The poles of T(k) correspond to bounded states, i.e., to solutions to (|37| ) which 
decay exponentially as x — * ±oo. These solutions are ipi(x,K) or ip^ix^n) where 
K is a pole of T{k) and, since a(n) = 0, these functions are linearly dependent 

V?2 (x,k) = u.(n)cpf (x,k), h(k)€C. (45) 

Some computations lead to the conclusion which we only recall: 

8) T(k) has only simple poles in Im k > and for fast decaying, for instance, 
for exponentially decaying, potentials there are finitely many poles ofT{k). 

The transform * : £2) ~~ * (£21 — £1) maps <pf(x, k) into a multiple of (p^(x, k). 
Therefore either <pf{x,K) and ip2(x,K) both decay exponentially as x — > ±00 or 
neither of them do. This implies that 

9) The discrete spectrum of L is preserved by the complex conjugation k — > k. 
The following quantities form the spectral data of L. 

Spectral data: 

1) the reflection coefficient R(k) ; 

2) the poles ofT(k): K\, . . . , kn ; 

3) the products Xj — ijjU-j, where jj = ^{nj) are the residues ofT(k) at Kj and 



fij = (J-(Kj) relate (pj and ip 2 at k — Kj (45) 



Notice, that L has a continuous spectrum k 6 R\ {0} of multiplicity two and a 
discrete spectrum ki, . . . , kr, k%, . . . , Rn of multiplicity one. 

Since U{x) is real-valued, this reflects in "reality conditions" met by the spectral 
data. 

First, notice that 



( pf(x,-k) = (pf(x,k) forfceR\{0}. (46) 



It follows from (|4J) and (|4J) that a{k) = a[—k) for k £ R\ {0}. Consider now the 
meromorphic function F(k) = T(k) — T(—k) defined on {Imfc > 0}. We see that it 
vanishes everywhere on the boundary of {Im k > 0} and, therefore, F(k) = 0. This 
implies that 

10) The poles of T{k) are symmetric with respect to the imaginary axis , i.e., if 
(kft + iki) is a pole ofT{k), where fcjj, ki £ R, then (— fcp + ikj) is also the pole of 
T(k). Moreover the residues ofT(k) are related as j(kR + ikj) = — 7(— fc_R + iki) 
and if = then Rej(Kj) = 0. 

Consider the analytic continuation of the functions G\{x, k) — ipf(x,k) — 

<Pi(x,—k) and G2(x,k) = ip2(x,k) — ^2{x,—k) onto the same upper-half plane. 
Since, by (^6|), they identically vanish on the boundary, we conclude that G\{x, k) = 
G2{x,k) = 0. This implies that 

11 ) The coefficients /j,(k) relating, via (|j5|), the functions <pf(x, k) and ip 2 (x, k) 
at the poles ofT(k) are complex conjugate, i.e. /i(kfi + iki) = M( — + iki), and 
if Retij — then fi(Kj) £ R. 

We summarize 10) and 11) in 
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Rl ) The poles of T(k) are symmetric with respect to the imaginary axis, Xj = A; 
for a pair of symmetric poles Kj and Ki, and if Ren m — then A m € R. 
The definition of T(k) and ( p6| ) also imply that 
R2) R(k) = R(-k). 

The conditions R1-R2 perfectly distinguish the spectral data of real potentials. 
B2. The Marchenko equations. 

Introduce the following representations for tp 2 ( x > k) and <Pi(x, k) ^ : 

*<*■*>-( C)+/>( ^ 



and 



It follows from (^21) that 



+ 00 



B 2 {x,x') 



= {\ ) + J x dx \-B^J) )^ X - ^ 
By the definition of T(k) and R(k), we have 

T(k)<p 2 (x, k) = R{k)yt{x, k) + <ft{x, k). (49) 
Introduce the Fourier transforms of R(k) and (T(k) — 1): 



1 r + 00 -1 r + oo 

T(z) = — / (T(k) - l)e~ ik * dk, r(z) = — / R(k)e 

27T J-00 ^ J-00 



and also apply the Fourier transformation to both sides of (|4y) , obtaining a pair of 
integral equations corresponding to the coefficients of (p: 



T(x + t)+ T(x' +t)Ai(x,x')dx' + 6(x + t)Ai(x,-t) = (50) 
J — 00 

/•+00 

0(-i-:r)B 2 (a;,-*)+ / r(x' - t)B x {x,x') dx'. 



T(x' + t)A 2 {x, x) dx + 6(x + t)A 2 (x, -t) = (51) 



and 



r(x-t)-6(-t-x)Bx(x,-t)+ / r(x' -t)B 2 (x,x')dx'. 

J X 

Since e~ ikx cp±(x,k) and e lkx (p 2 (x, k) converge very fast to ^ ^ J and ^ ^ 

respectively, as fc — > 00, Im fc > 0, we conclude from (Q) that (T(fc) — 1) is fast 
decaying and for z < we have 

1 /•+°° 

r(z) = 27 / x {T{k) ~ X ) e ' ikZdk = E^ e "*^ 



5 The existence of these representations is established via the Goursat equations which we 
discuss in B3. 
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where jj is the residue of T(k) at Kj. If there are no poles of T{k), then T(z) = 
for z < and for x + t < the left-hand sides of (|5^) and (pi) vanish. Otherwise 
for x + 1 < the Fourier transform of the left-hand side of (49) is 

N 
3=1 

Since <z(kj) = 0, we have (see (|45|)) 

(x, «j) = Hj<pf{x, Kj), (Xj e C, 



and substituting (|47|) into (£>0|) and ( |5l| ) we obtain 

r + oo N 

/ 51 ^'^'^^(^V^' ^ = 
/•+00 

6(-t- x)B 2 {x, -t)+ / r(x' -t)Bi(x,x')dx' 

J X 

and 

2 ijje-^nje™^ + ^ i^ j e- K i t n j B 2 (x, x')e iK * x ' dx 1 = 

3 = 1 Jx 3 = 1 

r+oo 

r{x-t)-9(-t-x)B 1 (x,-t)+ / r(x' -t)B 2 (x, x') dx' . 

J X 

where x + t < 0. Introducing the function 

AT N 

Si(z) = r(z) - ^ i-yjfMje^' = r(z) - 53 \^ 

3=1 3=1 

and substituting — y for t, rewrite these equations as follows 

(B 2 (x,y) + /+ 00 Bi(x,i / )fi(rs / + I /)d!B / = 0, 

1 0(x + y) - B^x, y) + /+°° B 2 (x, x')Q(x' + y) dx 1 = 



(52) 



where y > x. These equations are called the Marchenko equations (for the Zakha- 
rov-Shabat linear problem). 

Notice that fi(x) is uniquely reconstructed from the spectral data of L and if 
the reality conditions R1-R2 hold then f2(x) is real-valued for i£R. 

B3. The inverse scattering problem. 

Assume that Q(z) is constructed from the spectral data of L and the equations 
( |52"| ) are solved, i.e., the functions Bi{x 7 y) and B 2 (x 1 y) are known for y > x. In 
fact, these equations are of the Volterra type and uniquely solvable. Moreover 

lim B\(x,y) = lim B 2 (x,y)=0, (53) 

y — >+oo y — >+oo 

the limits of Bj(x, y) as y — > x are defined and we denote them by Bj(x, x). 

Substituting ( [48|) into (|37j) , we obtain a pair of equations corresponding to the 
rows of a matrix equation. The first of them is 

r+°° tj. f„ »,\ r+°° 



Bi{x,y) ^_ iky 
dx 



r+oc 

e~ iky dy + er ikx B x (x, x) + ik / B 1 (x,y)e- lky dy+ 

J X 
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f+OO 

2U(x)e-' lkx + 2U{x) I B 2 (x,y)e- iky dy 

J X 

Integrating by parts 

r + co 

ik B x (x,y)e- iky dy = 



dBi(x,y) 



3y y^+oo 

we finally derive 



e lky dy- lim {B x (x, y)e- lky ) + B x {x, x)e 



ikx 



which implies 



and 



/ dB^x^y) dB^x.y) \ _ ik 

\ d~y dx + 2U ( x ) B 2{x,y)je y dy- 

2(U(x)+B 1 (x,x))e- lkx =0 
dB 1 (x,y) dBi(x,y) 



dy dx 



+ 2U(x)B 2 (x,y) = (54) 



U(x)=-Bi{x,x). (55) 
Analogously we infer that the second equation is equivalent to 
dB 2 (x,y) dB 2 (x,y) 

— dx — + — d~ y — = - 2U ( x ) B i( x > y)- ( 56 ) 

Substituting x for y in ( |56| ) and taking (|5^) in account, we derive 

dB 2 {x, x) 



dx 



= 2U\x). (57) 



In fact, the integral representation (48) is initially derived from the Goursat 
equations j54| ) and ( p^ with the boundary conditions (|53| ) and (55). 

The formula (|55| ) gives a solution to the inverse scattering problem: reconstruct- 
ing the potential from the spectral data. If the conditions R1-R2 hold then f2(x) 
is real-valued for x £ R and the solution to ([52]) is also real-valued for i,i/£R. 

To complete this scheme it needs to prove that starting from the spectral data 
we obtain via ( |52] ) and (|5jJ) a potential U(x) with the same spectral data. The 
main tool in proving that is the fact that (|52|) is just the Fourier transform of (^9|). 
A detailed analysis would enable us to distinguish the decay of a potential in terms 
of the data. For the one-dimensional Schrodinger operator on the line, i.e., the 
most similar problem to (|37|), this had been done in || (sec, also where one 
can find a detailed study of this problem. 
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